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We discuss how to perform interpolations between relativistic and static computations in order

to extract heavy-light B-physics observables in the continuum. This strategy can be carried out

entirely in large volume, but its predictivity is enhanced by the following step scaling approach.

Relativistic computations are carried out at the physical b-quark mass using the Schrödinger

Functional in a box, where small 0< is accessible. They are connected to large volume observables

through step scaling functions that trace the mass dependence between the physical charm region

and the static limit, such that B-physics results can be obtained by interpolation. We discuss the

extraction of relativistic large volume observables entering the computation, focusing on leptonic

and semi-leptonic transition amplitudes. We review in detail our numerical results first presented

in [1] for leptonic decays from CLS # 5 = 2 + 1 ensembles at <D = <3 = <B , and with five values

of the lattice spacing down to 0.039 fm .
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B-physics observables in the continuum from a combination of static and relativistic results

1. Introduction

B-physics is a potential gateway to discovering new phenomena beyond the Standard Model

(SM), making precise determinations of heavy quark observables essential. The presence of small

discrepancies between the SM and experimental measurements is intriguing, but not solid enough

to unveil new physics, and a better control of theoretical results is required. As a matter of fact,

perturbation theory is not fully reliable at the scale of interest, while non-perturbative approaches

based on Lattice QCD calculations suffer from the large ratio between the b quark mass and the

ΛQCD scale, thus requiring various approximations such as extrapolating to the b-scale to circumvent

the issue.

A step forward was made in [2] by combining Step Scaling Functions (SSFs) in the static

approximation [3, 4] with the relativistic ones at finite heavy quark mass <ℎ [5, 6], where the

available lattice spacings require <ℎ ≤ <1/2 to avoid the 0<ℎ > 1 regime. We have further

developed this original proposal in [7] by showing how to generalise the strategy to the extraction of

semi-leptonic decays, and we presented in [1] preliminary results for the b-quark mass and the � (★)

meson decay constants. Our prescription relies on building suitable quantities with a continuum

limit and simple behaviour in 1/<ℎ, such that the renormalisation and matching factor in the static

theory cancel completely. This basic requirement for a combination of static and relativistic results

allows us to interpolate to the physical b-quark scale while controlling the systematics and the cutoff

effects involved in B-physics computations on the lattice.

2. Strategy of the computation

The design principle of our approach, detailed in [1, 7] consists in reaching the b-quark scale by

interpolation through a combination of static and relativistic results in the continuum. The difficulty

in the straight forward application is that the matching of the static theory to QCD introduces mass-

dependent matching functions �G (<RGI
ℎ

/Λ) that diverge logarithmically in the static limit. Here

we avoid these functions by building convenient quantities that cancel them exactly. The general

strategy relies only on a combination of static and relativistic results with a linear 1/<ℎ behaviour,

instead of focusing on the 1/<ℎ expansion of finite volume effects and step scaling. The above

guidelines replace the original idea of [6], namely that one computes small finite volume effects by

step scaling. The latter would require to keep physical kinematics in the finite volume, thus making

semi-leptonics computations particularly difficult [8].

By cancelling the log-divergent matching functions through suitable combinations, we also

loose the absolute normalisation, required to compute and compare with experiments observables

such as the CKM matrix element |+D1 | and the � (★) meson decay constants. A workaround is

provided by the step scaling approach of [2], where finite volume computations down to a volume

size of !1 ≈ 0.5 fm give access to fine enough lattice spacings to resolve the relativistic b-quark

while keeping 0<1 ≪ 1. In this context, the matching factors �G (<RGI
ℎ

/Λ) are replaced by a direct

relativistic computation, eventually evolved to large volume through step scaling. This approach

however requires a non-perturbative proxy for the quark masses in finite volume. In practice, the

heavy quark masses are traded for the pseudo-scalar masses <� (!) in finite volume, defined as

in [2] such that they satisfy lim!→∞ <� (!) = <�. The finite-size dependence of <� (!) can be

2
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B-physics observables in the continuum from a combination of static and relativistic results

determined from the large volume input H� = !ref<� through the chain [7]

H� = !ref<� (!1) + f<(D1, H2) + d<(D2, H�), (1)

with !ref some reference scale to make observable dimensionless, while f< and d< are the SSFs

f<(D1, H2) = !ref

[

<� (!2) − <� (!1)
]

S0
, d<(D2, H�) = !ref

[

(<�)S<
− (<� (!2))S0

]

. (2)

Here S< and S0 denote the massive and massless Lines of Constant Physics (LCP) as defined in

[7]. The b-quark mass proxies H8 are obtained recursively from the large volume physical input

H� = !ref<�, H2 = H� − d<(H�, D2), H1 = H2 − f<(H2, D1), (3)

where we make use of the running coupling D8 = 6̄2(!8) of [9, 10] to express the different volumes

of size !8 . Eventually, we note that in !1 the small lattice spacings granting access to the relativistic

b-quark mass together with a non-perturbative quark mass renormalisation [11], allow to compute

in the continuum

c<(D1, H) =
<� (!1)
<RGI
1

, (4)

connecting the Renormalisation Group Invariant (RGI) quark mass to the heavy-light pseudo-scalar

mass <� (!1). Therefore, we can rephrase Eq. (1) as

<RGI
1 =

1

!ref

H� − d<(D2, H�) − f<(D1, H2)
c<(D1, H1)

. (5)

Whereas a detailed study to estimate the systematics is required, we presented in [1] preliminary

results for the b-quark mass using the strategy depicted above, finding good agreements with the

literature [12].

The above methodology can be easily extended to transition amplitudes: by defining the infinite

and finite volume observables as the logarithm of the relevant matrix elements made dimensionless

with !ref

Φ
�0 ( ®+ ) (D, H) = ln

(

!
3/2
ref√
2

5̂�(★)

)

, 5̂�(★) =
√
<�(★) 5�(★) , (6)

with �0, ®+ denoting the axial and vector heavy-light currents respectively, we obtain a step scaling

chain identical in form to Eq. (1), namely [7]

Φ
�0 ( ®+ ) (H�) = Φ

�0 ( ®+ ) (D1, H1) + f
�0 ( ®+ ) (D1, H2) + d

�0 ( ®+ ) (D2, H�), (7)

with f
�0 ( ®+ ) , d�0 ( ®+ ) the SSFs

f
�0 ( ®+ ) (D1, H) = Φ

�0 ( ®+ ) (D2, H) −Φ
�0 ( ®+ ) (D1, H),

d
�0 ( ®+ ) (D2, H) = Φ

�0 ( ®+ ) (H) −Φ
�0 ( ®+ ) (D2, H).

(8)

Preliminary results for 5�(★) where presented in [1], and additional details on the various steps of the

computation will be given in Section 4. Finally, we stress out that the vector meson decay constant

5�★ is likely to play a crucial role in the extraction of the � → cℓa form factors, as explained in

[7]. Indeed, we can push the computation of the form factors with physical kinematics in the large

volume only by using the results for the 5�★ SSFs. This allows for a precise determination of the

semi-leptonic transition while controlling the systematics involved in the computation.

3
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B-physics observables in the continuum from a combination of static and relativistic results

id V 0 [fm] !/0 )/0 MDU <c! ! [fm] #<ℎ
<max
ℎ

H101 3.40 0.0849(9) 32 96 8064 5.8 2.7 6 2.5<2

B450 3.46 0.0749(8) 32 64 6448 5.1 2.4 6 2.5<2

N202 3.55 0.0633(7) 48 128 7608 6.5 3.0 5 2.5<2

N300 3.70 0.0491(5) 48 128 6160 5.1 2.4 5 2.5<2

J500 3.85 0.0385(4) 64 192 15000 5.2 2.5 5 2.5<2

Table 1: Summary of the (* (3) CLS ensembles employed in this work. The lattice spacing 0 in physical

units taken from [18], the lattice dimension, the length of the Monte Carlo chain in Molecular Dynamics

Units (MDU). Approximate values of the product <c! and and the physical extent of the lattice are provided.

#<ℎ
refers to the number of measured relativistic heavy quark masses, while <max

ℎ
stands for the heaviest

measured mass in units of the charm quark mass <2.

3. Large volume relativistic observables

In the large volume sector we employ CLS # 5 = 2 + 1 ensembles [13–16] with non-

perturbatively $ (0)-improved Wilson fermions at the (* (3) symmetric point with <c = < ≈
415 MeV [17] and five values of the lattice spacing in the range 0.039 fm < 0 < 0.087 fm. A

summary of the ensembles employed in the computation is given in Table 1.

We measured relativistic two and three-point correlation functions at multiple heavy quark

masses ranging approximately from the charm region <2 and up to 2.5<2. The tuning of the

charm quark mass was performed combining our expertise from previous works [19, 20]. In the

measurements of the three-point correlators we fix the sink as pseudoscalar operator and we vary

the ingoing interpolating field and the source operator over the possible gamma structures. A sketch

of the computation is given in Fig. 1. The heavy meson and the light spectator momenta are fixed

to zero, while non-zero momentum in the range | ®? | ≈ 0, 0.5, 0.8 GeV is injected in the final light

meson. Overall we measured the three-point functions at five different source sink separations

ranging from 1.2 fm to 2.8 fm in all the ensembles listed in Tab. 1. We estimate the source and sink

position by imposing that (Csrc + Csnk)/2 falls in the center of the lattice for the largest value of Csnk

taken into account on each ensemble, such that the distance from the boundaries is maximised.

[∗

[

fixed ( )
2
− ΔC

2
) fixed ( )

2
+ ΔC

2
)

W5

Γ

arbitrary C

51, ®?1
52, ®?2 = 0

;86ℎC, ®?B?42 = ®0

Figure 1: Sketch of the three-point functions computation for the decay of a relativistic heavy mesons 52 to

a light meson 51. The heavy meson momentum ®?2 and the light spectator momentum ®?spec are fixed to zero,

while non-zero momentum is injected in the final light meson ®?1.
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B-physics observables in the continuum from a combination of static and relativistic results

In the context of relativistic large volume, given the $ (0)-improved axial-vector and vector

heavy-light currents �`, +`, we define the corresponding bare decay constants as

5 bare
PS =

√

2

<PS

|〈0| �0 |PS〉|, n: 5
bare
V =

√

2

<V

|〈0|+: |V〉|, (10)

where the states |PS〉 and |V〉 are the ground state of a pseudo-scalar and vector meson, respectively,

while n: denotes the three different polarisations of the vector current. In practice, we extract the

relevant matrix elements that mediate the weak transition from suitable combination of pseudo-

scalar and vector two-point correlation functions, namely

|〈0| �0 |PS〉| =
√

��0�0
(G0, H0)4<PS/2(G0−H0 ) , |〈0|+: |V〉| =

√

�+:+:
(G0, H0)4<V/2(G0−H0 ) .

(11)

Eventually, we define the renormalised and improved decay constants as

5 R
PS = /�

[

1 + 1�0<ℎ + 1̄�0 tr "@

]

5 bare
PS

5 R
V = /+

[

1 + 1+0<ℎ + 1̄+0 tr "@

]

5 bare
V ,

(12)

where <ℎ is the bare subtracted quark mass and "@ denotes the sea quark mass matrix. The

renormalisation constants /� and /+ are taken from the !2-LCP non-perturbative computation in

the Schrödinger Functional chirally rotated setup [24]. The mass-dependent coefficient 1� is taken

from the perturbative calculation [25], while we use the non-perturbative determination in [26] for

1+ . Finally, 1̄� and 1̄+ are neglected, as they are suppressed by the fourth power of the coupling

and proportional to the trace of the sea quark mass matrix, where only light quarks enter.

When extracting the decay constant through Eq. (11), we expect the ground state amplitude to

govern the large distance behaviour of the effective matrix element, where excited state contributions

are by far subleading. Therefore, in order to estimate the optimal plateau region we follow a similar

strategy as for the meson masses, by considering multiple fit intervals and applying the model

average prescription. An example of the procedure is summarised in Fig. 3, where we show a

representative plateau for the pseudo-scalar and vector meson decay constants.

3.3 Semi-leptonic form factors

An accurate knowledge of the form factors for � → cℓa is essential to provide insights for

indirect searches of new physics phenomena and to test SM predictions. Following the convention

of [27, 28] for the kinematic variables in the HQET basis and working in the rest frame of the heavy

B-meson, the amplitude governing the � → cℓa transition admits the following decomposition

ℎ‖ (�c) = /+ (2<�)−1/2 〈c(?c) |+0(0) |�(0)〉 ,
?:cℎ⊥(�c) = /+ (2<�)−1/2 〈c(?c) |+: (0) |�(0)〉 ,

(13)

in terms of the two form factors ℎ‖ , ℎ⊥. This convention is particularly beneficial as the form

factors admit an HQET expansion without terms that involve a power of the quark mass, but rather

a logarithmic dependence on the mass of the heavy quark arising from the HQET-QCD matching

coefficient [27]. The latter can be cancelled in the static theory by considering convenient quantities

that admit a simple behaviour in 1/<ℎ, such that they can be interpolated in this variable [7].

6
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